With institutional investors increasingly involved in alternative investments, portfolio optimisation within a large universe of hedge funds has become a key area for research. This paper develops a portfolio construction model that is specifically designed for funds of hedge funds, incorporating specific controls for operational limitations, data biases and incompleteness. Absolute performance is targeted by selecting funds according to their relative abnormal return, alpha. Whilst different factor models provide quite different estimates of a hedge fund's alpha, we find that ranking funds according to their alpha is an efficient selection process. In an extensive out-of-sample historical analysis, funds of funds that are selected in this way and then allocated using constrained minimum variance optimisation are shown to perform much better than the equally weighted portfolio of all funds, or minimum variance portfolios of randomly selected funds. This is true even when hedge funds are selected according to their alphas produced by the simplest factor model. Of the four factor models considered in this analysis the best outof-sample performance is obtained using the statistical factor model.
Introduction
During the bear stock market of the last few years institutional investors as well as high net worth individual investors have found a new source of returns in alternative investment strategies. A rough comparison illustrates the difference in performance between traditional and alternative investments: over the period Jan-00 to May-03, the Wilshire 5000 equity index lost on average 10.5% per year, while the HFR fund weighted composite index gained on average 4.7% per year, with much lower volatility. Despite some high-profile losses, investors are committing more assets to the alternative investment industry. According to TASS Research, in the second quarter of 2003, the net flow into the hedge fund industry was estimated at 13.83 billion USD.
However, there is no 'free lunch'. Due to the myriad of strategies employed by hedge funds, their highly dynamic nature and the extensive use of derivatives and leverage inducing non-linear relationships with the traditional asset classes, models for hedge fund returns are inherently complex. This complexity is compounded by data reliability issues and operational limitations. In terms of data, the fact that hedge funds report to commercial database providers on a voluntary basis creates a number of sampling issues. First, even if one combines the largest commercial databases available, 1 there is no indication of the size of the population of hedge funds and the degree to which the reporting funds are representative of this population. Beyond the small sample bias, the databases comprise performance estimates rather than liquid market prices and this generates both autocorrelation and a significant amount of noise in the data. Regarding the operational limitations, short sales are not possible, there are minimum investment limits, long lock-up periods and advance notice, regular subscriptions/redemption as rare as once per year, sales and early redemption fees.
Despite these difficulties there is no doubt that alternative investments present attractive opportunities and their popularity is increasing. Thus currently, one of the most challenging problems in portfolio management is to refine the traditional portfolio models to optimise investments in a large universe of hedge funds. Given the special features of hedge funds, the portfolio management tools developed for traditional investments, being heavily reliant on the existence of liquid markets and efficient prices, need refining. In these circumstances, hedge fund portfolio management is as close to an art as any field in finance can be. High quality data is an essential ingredient for any portfolio optimisation model but this is not likely to be achieved for
I Hedge Fund Data and Biases
Hedge fund data are subject to several measurement biases caused by the data collection process and by the nature of the industry: survivorship bias, when a database does not include the performance of funds that ceased operating during the sample period; 3 selection or self-reporting bias, when the hedge funds in the database are not representative of the population of hedge funds; 4 instant history bias, when the funds entering the database are allowed to back-fill their results; 5 and multi-period sampling bias, when the analysis is restricted to funds having a minimum amount of history available. These biases are commonly estimated as the difference between the average returns in the database of funds controlled for the feature causing the bias (e.g. including only funds which have survived at the end of the period, or only funds which have a minimum amount of history available) and the average returns of funds in the complete database.
Fung and Hsieh (2000) provide an extensive analysis of biases in the TASS hedge fund database.
They estimate a survivorship bias of approximately 3% per annum. Regarding the instant history bias they found an average incubation (back-filled) period of one year with an associated bias of 1.4% p.a., while the multi-period sampling bias was negligible. In order to reduce selection bias, Fung and Hsieh (2002) recommend the use of indices of funds of funds to represent the hedge fund investment experience because it is less susceptible to selection bias than the returns on individual hedge funds.
Our fund data comes from the Hedge Fund Research (HFR) dead and alive funds databases, from which we select the period January 1990 to May 2003. We restrict our analysis to US domiciled funds reporting net of all fees in USD, having funds under management above 10 million USD and not using leverage. Additionally, since we shall be estimating multi-factor models of each fund's excess returns, we must require that each fund has at least 60 months of reporting history.
3 Most database providers only started collecting data in the early or mid-90's so there is little information on funds that ceased operating before then. The early years of any hedge fund database will implicitly have a high survivorship bias. 4 Selection bias is the most difficult to estimate because the population of hedge funds is not observable. The main reason for funds to report their performance is to attract investors so funds will report as long as they have not reached full investment capacity and continue to achieve an attractive performance. Funds cease reporting for a variety of reasons, including poor performance or liquidation, reorganisation, or because they have reached capacity and are no longer interested in new investors. Thus the selection bias can work both ways -some funds report superior performance in order to attract new investors, which creates an upward bias, while other funds, having reached full capacity as a result of extraordinary performance, choose to stop reporting, thus creating a downward bias. Also, different data providers have different criteria for including a fund in their database and this can induce additional selection biases.
After imposing these selection criteria our database comprises 282 funds of which 55 had ceased reporting before May 2003.
The attrition rate 6 for the HFR database is known to be smaller than that of other databases so the HFR survivorship bias could be higher. We include in our analysis the funds that ceased reporting during the sample period but this does not ensure that the portfolio performance is identical to the experience of an investor in these funds because there is no information on the performance of funds after having ceased reporting. If some funds were liquidated, their investors probably recovered only part of the net asset value last reported. Therefore by including 'dead' funds we only minimise the survivorship bias and do not eliminate it.
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In order to determine the impact of the instant history bias in our database, we have computed for each fund the difference between the monthly average of the excess return (over SP500) in the first year and the monthly average of the excess return in the first five years. The mean of the difference is 0.33%, equivalent to an annual difference of 3.97%. The standard deviation of the difference is 1.01%. The distribution of differences is positively skewed (with an estimated coefficient of skewness of 0.48), suggesting the existence of a small number of funds having much higher returns in the first year than in the rest of the reporting period. Separately, we have estimated the average monthly excess returns for the first 5 to 60 months from the moment when the fund started reporting. Figure 2 plots the average excess return across all funds. The decreasing pattern reveals that there is a clear 'first year' bias in the reported fund performance.
In order to isolate the instant history bias we use dummy variables for the first year of reporting in all factor models.
To identify the most likely causes of funds ceasing to report, we have analysed the performance of the 'dead' funds prior to the moment of exiting the database. For each 'dead' fund we 5 Most funds enter the database with an existing track record from their incubation period or previous organisational form and their results are usually back-filled over a year or several months. Since funds can choose, post factum, the moment when they enter the database, the back-filled history is likely to be affected by an upward bias in results. 6 Percentage of funds that have ceased to report during a given period, relative to the number of funds existing at the beginning of the data period. 7 To identify the impact of survivorship bias on our selected database, Figure 1 shows the number of funds entering the database (left hand scale) and the number of funds that ceased reporting over the previous 12 months (right hand scale) for the period Jan-90 to Dec-02. Since we require all funds to have at least 5 years of reporting our database does not include any fund entering after Jun-99. Until the middle of the 1990s, during the set-up of the database, the percentage of funds entering the database is huge, starting from as high as 70% in 1990. By 1996, the percentage of funds added to the database settles at around 20%. The evolution of the number of 'dead' funds is the opposite: the first fund ceases reporting in Dec-95 (there is no information of funds that ceased operating before the moment of the database set-up), and the percentage increases steadily to 5% in the last part of our sample.
computed the difference between the monthly average excess return over SP500 in the last year of reporting and the monthly average excess return over the five years prior to ceasing reports.
The mean of the difference is -0.50%, which is equivalent to an annual difference in the excess returns of -6.10%. The standard deviation of the difference is 1.65%. Figure 3 shows the distribution of these differences: it is positively skewed with a heavy upper tail, indicating that some funds stopped reporting because of negative performance but some also because of extraordinary good performance. A similar explanation is given by the analysis of the relationship between the overall performance as measured by the information ratio and the number of dead funds in each category.
As already mentioned, we require a minimum number of reporting months: the longer the minimum reporting period, the more accurate our factor model estimates for each fund, but also fewer funds in the sample. Longer minimum reporting periods may increase some of the biases.
With no minimum number of reporting months, the database has more than 600 funds of which 25% had ceased reporting during the sample period. For a minimum of 60 months of reporting, the number of funds goes down to 282 of which 19% had ceased reporting: this suggests that the survivorship bias could increase when we impose a minimum number of reporting months.
However, the estimated multi-period bias is negative (but negligible), at -.33% p.a.
In summary, the instant history bias is significant but this will be eliminated through the use of dummy variables. The multi-period sampling bias is negligible. However, there may be an unavoidable selection bias in our database and a survivorship bias that, though minimised by including in our analysis the funds which have ceased operating during our data sample, may be increased by the necessary imposition of a minimum reporting period. We therefore present all performance results on a relative basis, benchmarked against the equally weighted index of all funds. The relative performance can be interpreted as bias-free since both the portfolios and their benchmark are affected by the same biases.
II Factor Models for Hedge Funds
The development of a parsimonious factor model that adequately explains hedge fund returns is a great challenge for alternative investment research. Such a model would allow one to measure risk adjusted performance and manager's skill, identify the style mix employed by funds and eventually devise optimal portfolios. Assuming that investors are only willing to reward managers for superior performance that cannot be easily replicated, the fund returns may be and Naik, 2004; Mitchell and Pulvino, 2001; Fung and Hsieh, 2001) . Hedge fund indices have also been used as alternative benchmarks for measuring performance (Lhabitant, 2001 ).
Since there is no consensus on the best model 9 we estimate four factor models on our database of 282 US hedge funds:
(1) a two-index model that considers the two main asset classes, US equities and bonds: this is the simplest possible representation of risk factors and is the base case model for our analysis;
(2) a broad fundamental model, including as factors: international equity and bond indices representing US and worldwide markets; investment style factors; commodities and foreign exchange risk factors, and other factors representing specific types of non-linear strategies such as market timing, volatility trading and equilibrium trading;
(3) a multi-factor model using the HFR hedge funds indices as factors; (4) a statistical factor model using as factors portfolios replicating the first four principal components of the system of all funds' returns.
8 For pricing securities whose payoffs are non-linear functions of the risk factors two strands of literature have emerged: non-linear factor models (Bansal and Viswanathan, 1993; Bansal, Hsieh and Viswanathan, 1993) and the use of derivatives strategies and other non-linear factors to capture the non-linearities in securities payoff (Breeden and Litzberger, 1978; Glosten and Jagannathan, 1994; Harvey and Siddique, 2000) .
The general factor model representation is:
where r it is the net of fees excess return on fund i during month t; α i is the risk adjusted performance, 'alpha', of fund i over the estimation sample; F it is the excess return on the k th risk factor over the month t; 10 β ik is the loading of the fund i on k th factor, i.e. the sensitivity of the fund i to the factor k over the estimation sample; and ε it is the error term.
Each of the four models were estimated by least square regressions over the period Jan-90 to
May-03 on each of the 282 fund returns in excess of the risk free rate. 11 For each fund we used the entire data sample available: some funds entered the database after Jan-90 or ceased reporting before May-03. To account for the back-filling bias previously identified, all models included a dummy variable taking a value of one for the first twelve months of reporting. Potential multicollinearity problems were addressed by identifying any pairs of factors that were highly correlated over the sample and dropping the factor having lower correlation with the returns of the fund. 12 To select the significant factors for each fund a backward step-wise regression method was applied: starting with the most complete model which passed the multicollinearity filter, oneby-one the non-significant factors were removed until a parsimonious model was obtained.
The results of estimating the four factor models in this way are grouped for presentation, combining results for all funds within the same HFR strategy (strategy definitions are given in Appendix 1). 13 Each cell in Tables 1 to 4 11 The 3 months US T-bill rate was used as a proxi for the risk free rate. We also attempted to use unsmoothed fund returns (Geltner, 1991 and 1993) , given some evidence of autocorrelation in returns for approximately 30% of the funds in our database. However, such unsmoothed returns cannot be used in the second stage of our analysis, portfolio construction, since in back-tests we require returns as close to real market circumstances as possible. For coherency purposes, the factor models need to be estimated on the same type of returns which will be further used to construct portfolios in back-tests. 12 The 'rule-of-thumb' used was if the pair-wise factor correlation coefficient was above the square root of the coefficient of determination of the model including all factors, then one of the factors was excluded. However, for some funds the model's coefficient of determination was low so we applied this rule only for correlation coefficients exceeding 0.5. Despite its wide-spread use this procedure is rather ad-hoc. A more sound approach would be to orthogonalise the factors and preserve the explanatory power of the model. However, the orthogonalisation of highly correlated explanatory variables has no impact on measuring alpha and its standard error, and we prefer the first approach for its intuitive interpretation and straightforward hypothesis testing. 13 For reporting purposes, we have regrouped the HFR strategies that were weakly represented in our selected database (i.e. with less than 4 funds from that strategy type). The three funds from 'regulation D' and the only fund from 'relative value' were put together with the convertible arbitrage funds. Also, the four 'macro' funds and the two 'short selling' funds were grouped with 'market timing' funds.
over all funds in that strategy (above) and the percentage of these funds for which the coefficient was statistically significant at 10% (below). 14 The coefficient standard errors were computed using the Newey-West (1987) heteroscedasticity and autocorrelation consistent covariance matrix.
Two-index model
This is the simplest representation of the fund excess returns as a function of the excess returns on the two most important underlying asset classes, equities and bonds. We are fully aware of its inappropriateness and use it merely as a base case model. and for 38% of funds the lagged Wilshire excess returns are also significant determinants.
However, the bond index returns are significant for only 20% of funds. The average alpha is positive and significant for 48% of funds, and negative and significant for only three funds. The distribution of alphas has a mean of 7% and is both positively skewed and leptokurtic.
Broad fundamental factor model
The broad fundamental factor model uses excess returns on indices to capture the performance of the main traditional asset classes, and other factors to model specific types of strategies, such as 14 The alphas on individual funds are not independent so to assess the significance of an average alpha over all the funds in a particular strategy type single-sample mean t-tests are not appropriate. Following Amenc and Martellini (2003a) we estimated the factor models on an 'average fund' returns series for each strategy type. We then used the least squares standard error of the intercept to determine the statistical significance of the average alpha. The estimation results are presented in Table 2 . Although 17 factors were considered in total, the average number of significant factors for an individual fund was only 2.5. Nevertheless the average R 2 across all funds was 36%, a considerable increase from the base case model. The broad fundamental model better explained the returns of funds in the following classes: emerging markets, equity hedge and non-hedge, event driven, convertible bonds, financial and technology sectors. However, the returns for some fixed income, macro and relative value funds were not 15 A quick note on the importance of using the right measure of volatility. If funds are indeed using derivatives and timing strategies, a positive relationship with volatility should be revealed. However, by looking at several other volatility measures, e.g. intra-month SP volatility, or maximum draw-down, one would get the opposite intuition -that is, there is a negative relationship volatility -fund returns, which would cast serious doubt on the effectiveness of the sophisticated strategies used by funds. 16 Alexander and Dimitriu (2003) argue that prices' cross sectional dispersion represents a measure of prices equilibrium. Strategies based on historical equilibrium will realise relative losses when the dispersion of prices is increasing and relative gains when the dispersion of prices decreases. However, in special market circumstances, e.g. following a crash period, the relationship changes sign -relative gains are realised when prices dispersion increases. Considering the wide spread use of historical equilibrium models we use dispersion as an indicator of their performance.
well modelled by this approach. The most significant factor, determining the excess returns of 38% of the funds is the small cap SP index. As expected, this influences funds trading on distressed securities, equity hedge and non-hedge, event driven, funds of funds and technology.
Additionally, the squared returns of the small cap SP index are significant in 40% of models, indicating use of leverage and market timing abilities. 17 The other equity style indices are only significant in 6-10% of the funds. Another important factor is the Lehman High Yield index (for convertible arbitrage, distressed securities, event driven, managed futures, merger arbitrage and funds of funds, as well as equity hedge and non-hedge funds, the latter two having a negative average beta) and its squared excess returns (highly significant and positive for funds in distressed securities, equity non-hedge and managed futures, and significant but negative for convertible arbitrage, equity hedge, funds of funds, market timing and technology funds). The MSCI emerging markets index was significant for 20% of the funds: in addition to the funds primarily trading in emerging markets and funds of funds investing in these, distressed securities, equity hedge and non-hedge, event driven, and technology funds all have significant exposure to emerging markets. The GS commodity index is a significant factor for emerging markets, event driven, funds of funds, equity hedge and non-hedge, and, as expected, managed futures.
Whilst the broad equity market indices and the FED trade weighted forex index are generally less significant than other factors, the change in SP500 implied volatility and the Dow Jones price dispersion index are among the most significant factors. Each of these factors has positive coefficients and is significant for almost 30% of funds. The first year reporting dummy confirmed a significant positive bias for most strategies, especially convertible arbitrage, equity market neutral, event driven, funds of funds, market timing and managed futures. However, there is a negative first year of reporting dummy coefficient for funds in the equity non-hedge, emerging markets and technology categories. Alpha was most significant for emerging markets and financial sector funds (significant negative alpha only occurred for funds investing in emerging Asian markets) and also for convertible arbitrage, relative value and short-selling (but for these a high alpha could just result from poor explanatory power of the model).
Hedge fund indexes model
The hedge fund indices provided by HFR represent investable portfolios having non-linear exposures to traditional asset classes. Hence a factor model based on them should explain the returns on individual funds better than the two factor models considered previously (Lhabitant, 2001 ). The HFR indices are based on clustering analysis and possible re-classification of funds if their self-stated strategy is not consistent with HFR's statistical analysis. One approach is to classify funds into groups and use only the relevant group index to explain their returns. Instead we allow, through step-wise regression, the selection of the most significant hedge fund indices for each fund. Also, we do not reconstruct the indices from the funds in our sub-sample: the HFR indices are a better choice as factors since they are more representative for the entire population of funds and are also investable.
The results of estimating this factor model are presented in Table 3 . Clearly there are systematic risk factors, beyond the ones included in the fundamental factor model that are captured by these HFR style indices. 18 The model explains an overall average of 46% of the variance in fund excess returns (ranging from 37% for equity market neutral funds, to over 60% for equity non-hedge funds, event driven, funds of funds and technology funds). Each fund's excess returns tend to be determined by the relevant index for their self-stated strategy, indicating no large errors in the classification. At an individual fund level, 17% of funds have negative and significant alpha, while only 11% of funds have positive and significant alpha. The funds with positive alpha come from the emerging markets group, some fixed income strategies, market timing and managed futures. The funds with the largest negative alphas are equity non-hedge, event driven and some sectors.
Statistical model
Statistical factors extracted from the funds' returns data through principal component analysis
were first used to model hedge fund returns by Fung and Hsieh (1997) . As opposed to mutual funds, for which the asset class they trade in is the determinant factor, the more important factor for hedge funds is 'how' they trade, i.e. which type of dynamic strategy they employ for a particular asset class. The intuition behind statistical factor analysis is that if a group of funds use similar strategies in the same markets, their returns should be correlated. Through factor analysis, the major common styles can be extracted from fund returns.
Appendix 2 describes the methodology used to identify the optimal number of principal component factors and to construct investable portfolios replicating these factors. Our statistical on distressed securities and event driven.
factor model uses four principal component factors, and the portfolios replicating these are denoted by PC1 to PC4. These portfolios preserve well the theoretical features of the principal components: PC1 captures the common trend in fund returns and has a very similar behaviour to an equally-weighted index of all funds, to which it is also highly correlated. 19 It has negative but not very significant skewness, and an excess kurtosis of 1.4. The other three portfolios have returns distributions that are nearer to normality.
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From their portfolio structure, we can infer that the first two principal components have an intuitive interpretation: the 'common trend' PC1 portfolio is well diversified across all strategies (with particular emphasis on funds of funds and equity funds because most funds are of these types) and the PC2 portfolio is clearly dominated by managed futures, which stand out as an investment style with returns uncorrelated to the common trend but representative of a significant part of the hedge fund population. PC3 comprises mainly equity market neutral and funds of funds, while in PC4 there are technology funds and again equity market neutral funds. 21 In summary, the structure of the portfolios replicating the first two principal components is well and Hsieh's (1997) argument, the hedge fund indices can be interpreted as style factors, as opposed to the location factors which are captured by the fundamental factors. 19 The equally-weighted index is less volatile, but this is to be expected, considering that the number of funds entering the portfolio replicating the first principal component is smaller, and the first principal component is constructed by maximising the variance of the underlying linear combination of funds. 20 The portfolios replicating the other three principal components also have progressively lower volatility, by construction, and generally higher information ratios than PC1. 21 The presence of equity market neutral funds in three of the four orthogonal factors indicates that the funds in this category are rather heterogeneous, having low correlation with each other. 22 This low dependency of higher order principal components to traditional asset classes is thought to be caused by the use of dynamic trading strategies and derivatives, as well as style switching. A well-known example is the strategy of a market timer with perfect forecasting abilities, which will display non-significant correlation with the market, but this is 3 provides clear evidence that the portfolios replicating the higher principal components are in fact capturing dynamic hedge fund strategies having non-linear relationships with the traditional asset classes.
The estimation results for the statistical factor model are presented in Table 4 . The only strategies with positive and significant alphas are convertible arbitrage and merger arbitrage, but they also have a low average R 2 , so the abnormal return could be due to omitted risk factors. The average R 2 across all strategies is 0.39, greater than for the fundamental factor model, suggesting that there is indeed value in using statistical factors capturing dynamic hedge fund strategies. The strategies with the highest R 2 are the equity hedge and non-hedge, funds of funds and technology funds, but this is clearly an artefact of the structure of our database, which is dominated by these types of funds. The PC1 portfolio is a significant factor for 79% of funds, PC2 portfolio for 39% funds, PC3 for 44% funds and PC4 is significant for 29% of funds. All strategies, except for managed futures have positive average betas on the PC1 portfolio. Also, most strategies have positive betas on the PC2 portfolio and negative betas on PC3 portfolio. The first year reporting dummy remains positive and significant for most strategies, except for event driven, merger arbitrage and technology funds.
A Comparison of Alphas from Different Factor Models
At the strategy level, substantial differences in alphas estimated from the four factors models have been identified in Tables 1 -4. Table 5 summarises the alpha estimates of the 'average fund'. For the two index model an estimated alpha of 0.69% per month is highly significant and is equivalent to 8.5% per annum. The risk adjusted performance for the 'average fund' is again highly significant in the broad fundamental model: at 5.1% in annual terms this model still implies a positive average alpha, even if significantly reduced from the base-case two index model. However, for the multi-factor model, the 'average fund' risk adjusted performance is negative, even if not statistically significant. More importantly, the 'average fund' has a negative and significant alpha when benchmarked against the four PC portfolios.
In summary, there is a significant disagreement between the factor models on the 'average fund' alpha, ranging from -2.5% to 8.5% per annum, and the dispersion of alpha estimates is even just an artefact of the correlation computation method. In fact, the strategy is perfectly correlated with up-markets and perfectly negatively correlated with down-markets. In the real world, there are of course no perfect market timers, which makes things even more complicated, because one has to consider also the effect of forecasting/trading errors.
higher at the level of individual funds. This leads us to conclude that an accurate estimate of the abnormal return is very difficult to obtain from any single model with any degree of certitude.
However, some agreement can be achieved on the sign of alpha for individual funds. Of the funds having at least one positive alpha estimate, in 30% of cases there is perfect agreement between all models in terms of alpha's sign.
After investigating an exhaustive range of factor models, Amenc and Martellini (2003a) conclude that the models tend to agree on the relative ranking of funds despite the fact that the range of alpha estimates produced by different models is wide. We also find significant agreement between different models in terms of funds' ranking based on alpha. Table 6 shows the correlation, the rank correlation and probability of agreement between different models in terms of alpha estimates. All probabilities of agreement are above 0.58, even though the correlation in individual alpha's estimates can be as low as 0.27 (for the statistical model and the base case model).
The implication of these results for funds of funds portfolio construction is that methods relying heavily on the accuracy of alpha estimates cannot be implemented without significant model risk.
However, there is considerable scope for more flexible models, such as implied alpha models, based precisely on funds ranking. In the following, we will examine the performance of such portfolio construction models for hedge funds.
III Constructing Optimal Portfolios of Hedge Funds
Optimisers are well known to be error enhancers (Michaud, 1989) , so the quality of the data is essential. Since this is not likely to be achieved with hedge funds in the near future one can only aim for a better solution than naïve diversification. Before proceeding to optimisation, we consider the optimal size of diversified hedge funds portfolios by testing the benefits of naïve diversification through simulation. We randomly draw without replacement 5, 10, and up to 80 funds (in multiples of 5) from our database and independently form equally weighted portfolios having no style consideration. For each size of portfolio we repeat the experiment that holding 20 to 30 funds does allow a fair diversification across all investment styles in our database, our portfolios will include a number of funds in this range.
The classical portfolio theory of Markowitz (1952) underlies the foundations of modern finance and many of today's practitioner models. Assuming investors have quadratic preferences, its application requires knowledge of the first two moments of the returns distribution. Estimating expected returns has been shown to be a difficult task even for traditional asset classes (Merton, 1980; Jorion, 1985) , and this is the main reason why mean-variance efficient portfolios perform poorly out-of-sample (Frost and Savarino 1986, 1988; Jorion, 1986; Michaud, 1989; Best and Grauer, 1991) . Accurate estimates of expected returns are even more difficult to obtain for alternative investments, as shown in the previous section. On the mean-variance efficient frontier the only portfolio that does not require estimates of expected returns is the minimum variance portfolio. In the hedge funds world, this is a natural choice, given that it eliminates the estimation risk associated with expected returns. Moreover, there is empirical evidence (Jorion, 1985; Jagannathan and Ma, 2003 ) that out-of-sample, the minimum variance portfolio overperforms classical tangent portfolios in terms of information ratio, especially when the estimation sample is not large. For these reasons, we focus our analysis on minimum variance portfolios of hedge funds.
When no restrictions are imposed, the minimum variance portfolio weights are given by:
where is the covariance matrix of the fund returns and Σ 1 is a vector of ones. If restrictions are imposed on weights, the solution can be obtained numerically. Since the covariance matrix of fund returns is the only input required in the model, the results will strongly depend on its accuracy. Given that the number of funds in our sample is much larger than the number of data points, we are concerned with the estimation risk in the sample covariance matrix. Appendix 2 compared the properties of the empirical correlation matrix with those of a similar but random 23 Our results are based on a smaller sample (282 funds) than other studies, which does not allow the investigation of the diversification benefits at the level of each style. Lhabitant and Learned (2002), on a database of 6,985 funds, find a significant trade off between the decrease in volatility and the evolution of the higher moments: as the number of correlation matrix, finding significant agreement between the two. 24 Hence part of the information content of the empirical correlation matrix is driven by randomness. In Appendix 2
we showed that the 'true' correlation structure is captured by the first four eigenvalues, while the rest can be ascribed to noise and measurement errors. Since the presence of such noise is likely to perturb the minimum variance optimisation, its reduction is essential. Several solutions have been offered, including imposing a factor structure (e.g. Sharpe, 1963; Chan, Karceski and Lakonishok, 1999) , the use of an optimal shrinkage towards the mean or the single factor model (Jorion, 1985 (Jorion, , 1986 Ledoit and Wolf, 2003; Kempf and Memmel, 2003) In order to test the efficiency of the noise 'cleaning' process, we compared, out-of-sample, the variances of minimum variance portfolios constructed from (a) the empirical covariance matrix and (b) the 'cleaned' covariance matrix. We constructed 1,000 portfolios, each with 25 randomly selected funds, and optimised them based on both the 'cleaned' and the sample covariance matrices to achieve minimum variance. For estimating the covariance matrices we used a rolling sample of 60 months. The first portfolios were constructed in Jan-98 and rebalanced every six months until Jan-03. Between two rebalancing moments, the portfolios are left unmanaged and their out-of-sample performance monitored in order to determine the out-of-sample variance.
funds is increased, for strategies like fixed income arbitrage, convertible arbitrage and event driven, the skewness decreases and the excess kurtosis increases.
The results are presented in Table 7 . We found that, when no constraints are imposed on the portfolio weights, the out-of-sample variance of the portfolio constructed on the 'cleaned' covariance matrix is smaller than that based on the sample covariance matrix, indicating the effectiveness of the noise cleaning process. Our results are in line with those of Plerou et al. (2002) , whose out-of-sample results also favoured the 'cleaned' covariance matrix. But in a hedge funds portfolio, no short sales are allowed, so the portfolio weights need to be constrained to be positive and upper bounds are also normally imposed to reduce concentration risk. 25 We therefore introduce a non-negativity constraint and an upper bound on individual fund weights at 20%, following standard practice in this respect. When we repeated the previous analysis with the constraints in place, the out-of-sample results were in favour of the sample covariance matrix.
This feature has been previously observed by Jagannathan and Ma (2003) . 26 The constraints improve significantly the performance of the portfolio based on the sample covariance matrix, which has the smallest variance overall and an average excess kurtosis that is smaller than that of the minimum variance portfolios based on the 'cleaned' covariance matrix. Hence in the following we use the ordinary sample covariance matrix instead of the 'cleaned' one.
The portfolios analysed so far were based on randomly selected funds, and give an idea of the average performance expected from minimum variance portfolios of hedge funds. Next, we enhance the minimum variance portfolios by introducing a fund selection criterion based on the alphas estimated with the four factor models presented in the previous section. If accurate estimates of alphas had been available, then a mean-variance optimisation would have been possible. But a large dispersion was associated with the alpha estimates from different factor models and the only significant agreement between the models' alphas was in terms of their ranking. Hence we can only use alpha estimates as a selection criteria and not as a parameter in the optimisation. Using each of the four factor models, we first select all the funds having positive alphas that are significant at 10%. Secondly, we tighten the selection criteria and require that all 24 We have performed the same analysis for the covariance matrix and obtained similar results. 25 The role of constraints on portfolio performance goes beyond this institutional limitation, being an alternative method for dealing with measurement errors. A recent paper by Jagannathan and Ma (2003) shows that imposing upper and lower bounds on the weights is equivalent to shrinking the covariance matrix towards zero. The sampling errors are reduced this way, improving the out-of-sample performance. Especially in large cross sections, even if the constraints do not hold in the population, they are still useful, because the sampling error is much larger than the specification error induced by imposing wrong restrictions. Additionally, since non-negativity constraints tend to concentrate the portfolio on few assets, imposing upper bounds on the portfolio weights ensures that the optimal portfolios comprise a sufficiently large number of stocks. 26 They found that when imposing a factor structure on the covariance matrix, constraining the portfolio weights to be non-negative can result in a significant reduction of performance. This happens because the sampling error has already been reduced through imposing the factor structure, and adding constraints which do not hold in the population increases the specification error, which is penalised in terms of out-of-sample performance. models indicate a positive alpha, which is also significant in at least three of them at the 10% significance level. In each case, the portfolio weights are allocated so that the fund of funds has minimum variance.
In order to test the out-of-sample performance of these two selection criteria we use the period Jan-90 to Dec-97 to calibrate the factor models and select the first set of funds. We keep the nonnegativity and 20% upper bound constraints in place. The first minimum variance portfolios are set up in Jan-98 and left unmanaged for the next 6 months. The portfolios are then re-balanced every six months, based on the alphas estimated over the entire data sample available at the portfolio construction moment and the covariance matrices estimated over the previous 60 months.
Compared with the randomly selected minimum variance portfolios having a fixed number of 25 funds, the portfolios of hedge funds that employ the alpha selection criterion (each having a variable number of funds) have a significantly improved out-of-sample performance. The evolution of the portfolio values, equivalent to a dollar investment of 100 in Jan-98, is plotted in Figure 6 (for reference, we also plot the dollar value of an equally weighted portfolio of all funds in our database 27 ) and the portfolio statistics are reported in Table 8 . The results are very encouraging indeed: all portfolios have average annual returns in the range of 8% to 9.5%, with an annual volatility of only 1.3% to 1.7%. Their evolution is very constant, with no more than three months (out of 66) having negative returns in any of the models. The lowest volatility is displayed by the portfolio based on the alpha estimates of the statistical factor model and this portfolio also has the highest average annual information ratio (6.91). The highest returns are produced by the portfolio based on the HFR indices factor model, but given the higher volatility, the information ratio of this portfolio was the lowest (5.56). The null hypothesis of normally distributed out-of-sample returns cannot be rejected. By contrast, the equally weighted portfolio has comparable returns but much higher volatility resulting in an information ratio of 1.5, and its returns display significant excess kurtosis. We note that even the portfolio based on the alpha estimates from the base case model produces good results. The more conservative approach, based on all models alpha estimates generates average results: three of the portfolios based on single model alpha estimates produced better results in terms of both volatility and information ratio. To conclude, all factor models provided valuable information for hedge fund selection.
These results are reported before transactions costs. It is not easy to estimate the transaction costs associated with hedge funds portfolios, given the heterogeneity of sales and early redemption fees used in the hedge fund world as well as other associated costs. However, given the significant trading limitations for hedge funds portfolios it is very important to investigate the structural stability of these portfolios. Therefore we compute a measure of portfolio turnover: the absolute difference in fund weights from one rebalancing period to the next. With 10 rebalancing points in our out-of-sample test, the maximum turnover is 20 (10*200%). Table 9 reports that the estimated turnover for our portfolios ranges from 4.9 (for portfolio based on the statistical factor model, the same as for the equally weighted portfolio of all funds) to 7.6 (for the portfolio based on the HFR indices model). This is equivalent to restructuring from 12% (turnover = 4.9) to 19% (turnover = 7.6) of the portfolio at each rebalancing point.
For comparison, we also implement a maximum information ratio optimisation based on the alpha estimates from all four models and the sample covariance matrix, all the rest being the same as before. The results are presented in Table 9 . As expected, the lack of accuracy in the individual alpha estimates results in lower out-of-sample information ratios for the mean-variance portfolios as compared to the minimum variance portfolios, even if the objective of the optimisation in the first case is exactly the information ratio. Additionally, the mean-variance portfolios are less stable than the ones constructed based on minimum variance. Therefore, rather than optimising on less accurate estimates, one is better off selecting funds based on alphas and then running the optimisation on the covariance matrix solely.
In summary, all performance measures favour the portfolio where hedge funds are selected using the alphas from the statistical factor model: this produces a portfolio of hedge funds with the highest average annual information ratio (6.91), the lowest turnover (12% portfolio restructured every 6 months), and its returns are very close to normality. We have shown that a hedge fund selection method based on alpha estimates from any factor model greatly improves the performance of hedge fund portfolios compared to both randomly selected portfolios and equally weighted portfolio of all funds. Also, the minimum variance optimisation produces better results than maximum information ratio optimisation. In the constrained portfolio optimisation, there is no benefit from imposing a factor structure on the correlation matrix, as the sampling errors appear to be significantly reduced through the weighting constraints.
IV Summary and conclusions
Despite the modelling complexity caused by biases present in data, noisy correlation structure, alphas that are difficult to estimate and the institutional limitations to trading, there is no doubt that alternative investments continue to present attractive opportunities. Their popularity amongst institutional investors is increasing so the industry requires academic studies on portfolio optimisation within a large universe of hedge funds. This paper is one such study. Aiming to develop a fund selection and optimal allocation process for funds of hedge funds, we have analysed the out-of-sample performance of a portfolio construction model that is designed to target alpha through fund selection based on factor models. In order to deal with the data biases, we have used a database comprising both dead and alive funds, controlled for the instant history bias and reported performance on a relative basis, benchmarked against portfolios affected by the same biases. Since most traditional portfolio construction models require an estimate of expected returns, we have used a number of factor models to estimate the funds relative abnormal return.
Despite the significant disagreement in terms of individual alpha estimates, the factor models largely agreed on the ranking of funds. Therefore, whilst methods relying heavily on the accuracy of alpha estimates cannot be implemented for hedge funds given the significant model risk, there is considerable scope for more flexible models that are based only on funds' ranking.
Since uncertainty in the funds' alpha impairs the efficiency of mean-variance optimal portfolios, we found that the best portfolio optimisation method was based solely on the covariance matrix.
Finding that the sample covariance matrix had a high element of randomness, we considered both 'cleaning' the matrix (by imposing some factor structure before using it in the portfolio optimisation), and reducing the measurement errors by imposing weight constraints in the portfolio optimisation model. We found no benefit from imposing a factor structure on the correlation matrix, as the sampling errors already appear to be significantly reduced through the weights constraining. Our results showed that the fund selection method based on factor models alpha estimates greatly improves the performance of hedge fund portfolios optimised to have minimum variance, compared to both randomly selected portfolios and the equally weighted portfolio of all funds. An out-of-sample performance assessment of this class of models has revealed considerable alpha opportunities in the alternative investment world, which can be exploited by simple constrained optimisation models. Thus, with some refinements, the traditional tools of portfolio management can be applied to portfolios of hedge funds to achieve excellent results.
Appendix 1 HFR Strategy Definitions
Convertible Arbitrage involves purchasing a portfolio of convertible securities, generally convertible bonds, and hedging a portion of the equity risk by selling short the underlying common stock. Certain managers may also seek to hedge interest rate exposure under some circumstances. Most managers employ some degree of leverage, ranging from zero to 6:1. The equity hedge ratio may range from 30 to 100 percent. The average grade of bond in a typical portfolio is BB-, with individual ratings ranging from AA to CCC. However, as the default risk of the company is hedged by shorting the underlying common stock, the risk is considerably better than the rating of the unhedged bond indicates.
Distressed Securities strategies invest in, and may sell short, the securities of companies where the security's price has been, or is expected to be, affected by a distressed situation. This may involve reorganizations, bankruptcies, distressed sales and other corporate restructurings. Depending on the manager's style, investments may be made in bank debt, corporate debt, trade claims, common stock, preferred stock and warrants. Strategies may be sub-categorized as "highyield" or "orphan equities." Leverage may be used by some managers. Fund managers may run a market hedge using S&P put options or put options spreads.
Emerging Markets funds invest in securities of companies or the sovereign debt of developing or "emerging" countries. Investments are primarily long. "Emerging Markets" include countries in Latin America, Eastern Europe, the former Soviet Union, Africa and parts of Asia. Emerging Markets -Global funds will shift their weightings among these regions according to market conditions and manager perspectives. In addition, some managers invest solely in individual regions. Emerging Markets -Asia involves investing in the emerging markets of Asia. Emerging MarketsEastern Europe/CIS funds concentrate their investment activities in the nations of Eastern Europe and the CIS (the former Soviet Union). Emerging Markets -Latin America is a strategy that entails investing throughout Central and South America.
Equity Hedge investing consists of a core holding of long equities hedged at all times with short sales of stocks and/or stock index options. Some managers maintain a substantial portion of assets within a hedged structure and commonly employ leverage. Where short sales are used, hedged assets may be comprised of an equal dollar value of long and short stock positions. Other variations use short sales unrelated to long holdings and/or puts on the S&P 500 index and put spreads. Conservative funds mitigate market risk by maintaining market exposure from zero to 100 percent. Aggressive funds may magnify market risk by exceeding 100 percent exposure and, in some instances, maintain a short exposure. In addition to equities, some funds may have limited assets invested in other types of securities.
Equity Market Neutral investing seeks to profit by exploiting pricing inefficiencies between related equity securities, neutralizing exposure to market risk by combining long and short positions. One example of this strategy is to build portfolios made up of long positions in the strongest companies in several industries and taking corresponding short positions in those showing signs of weakness.
Equity Market Neutral: Statistical
Arbitrage utilizes quantitative analysis of technical factors to exploit pricing inefficiencies between related equity securities, neutralizing exposure to market risk by combining long and short positions. The strategy is based on quantitative models for selecting specific stocks with equal dollar amounts comprising the long and short sides of the portfolio. Portfolios are typically structured to be market, industry, sector, and dollar neutral.
Equity Non-Hedge funds are predominately long equities although they have the ability to hedge with short sales of stocks and/or stock index options. These funds are commonly known as "stock-pickers." Some funds employ leverage to enhance returns. When market conditions warrant, managers may implement a hedge in the portfolio. Funds may also opportunistically short individual stocks. The important distinction between equity non-hedge funds and equity hedge funds is equity non-hedge funds do not always have a hedge in place. In addition to equities, some funds may have limited assets invested in other types of securities.
Event-Driven is also known as "corporate life cycle" investing. This involves investing in opportunities created by significant transactional events, such as spin-offs, mergers and acquisitions, bankruptcy reorganizations, recapitalizations and share buybacks. The portfolio of some Event-Driven managers may shift in majority weighting between Risk Arbitrage and Distressed Securities, while others may take a broader scope. Instruments include long and short common and preferred stocks, as well as debt securities and options. Leverage may be used by some managers. Fund managers may hedge against market risk by purchasing S&P put options or put option spreads. Fixed Income: Convertible Bonds funds are primarily long only convertible bonds. Convertible bonds have both fixed income and equity characteristics. If the underlying common stock appreciates, the convertible bond's value should rise to reflect this increased value. Downside protection is offered because if the underlying common stock declines, the convertible bond's value can decline only to the point where it behaves like a straight bond.
Fixed Income: Diversified funds may invest in a variety of fixed income strategies. While many invest in multiple strategies, others may focus on a single strategy less followed by most fixed income hedge funds. Areas of focus include municipal bonds, corporate bonds, and global fixed income securities.
Fixed Income: High-Yield managers invest in non-investment grade debt. Objectives may range from high current income to acquisition of undervalued instruments. Emphasis is placed on assessing credit risk of the issuer. Some of the available high-yield instruments include extendible/reset securities, increasing-rate notes, pay-in-kind securities, stepup coupon securities, split-coupon securities and usable bonds.
Fixed Income: Mortgage-Backed funds invest in mortgage-backed securities. Many funds focus solely on AAA-rated bonds. Instruments include: government agency, government-sponsored enterprise, private-label fixed-or adjustablerate mortgage pass-through securities, fixed-or adjustable-rate collateralized mortgage obligations (CMOs), real estate mortgage investment conduits (REMICs) and stripped mortgage-backed securities (SMBSs). Funds may look to capitalize on security-specific mispricings. Hedging of prepayment risk and interest rate risk is common. Leverage may be used, as well as futures, short sales and options.
Macro involves investing by making leveraged bets on anticipated price movements of stock markets, interest rates, foreign exchange and physical commodities. Macro managers employ a "top-down" global approach, and may invest in any markets using any instruments to participate in expected market movements. These movements may result from forecasted shifts in world economies, political fortunes or global supply and demand for resources, both physical and financial. Exchange-traded and over-the-counter derivatives are often used to magnify these price movements.
Market Timing involves allocating assets among investments by switching into investments that appear to be beginning an uptrend, and switching out of investments that appear to be starting a downtrend. This primarily consists of switching between mutual funds and money markets. Typically, technical trend-following indicators are used to determine the direction of a fund and identify buy and sell signals. In an up move "buy signal," money is transferred from a money market fund into a mutual fund in an attempt to capture a capital gain. In a down move "sell signal," the assets in the mutual fund are sold and moved back into the money market for safe keeping until the next up move. The goal is to avoid being invested in mutual funds during a market decline.
Merger Arbitrage, sometimes called Risk Arbitrage, involves investment in event-driven situations such as leveraged buy-outs, mergers and hostile takeovers. Normally, the stock of an acquisition target appreciates while the acquiring company's stock decreases in value. These strategies generate returns by purchasing stock of the company being acquired, and in some instances, selling short the stock of the acquiring company. Managers may employ the use of equity options as a low-risk alternative to the outright purchase or sale of common stock. Most Merger Arbitrage funds hedge against market risk by purchasing S&P put options or put option spreads.
Regulation D Managers invest in Regulation D securities, sometimes referred to as structured discount convertibles. The securities are privately offered to the investment manager by companies in need of timely financing and the terms are negotiated. The terms of any particular deal are reflective of the negotiating strength of the issuing company. Once a deal is closed, there is a waiting period for the private share offering to be registered with the SEC. The manager can only convert into private shares and cannot trade them publicly during this period; therefore their investment is illiquid until it becomes registered. Managers will hedge with common stock until the registration becomes effective and then liquidate the position gradually.
Relative Value Arbitrage attempts to take advantage of relative pricing discrepancies between instruments including equities, debt, options and futures. Managers may use mathematical, fundamental, or technical analysis to determine misvaluations. Securities may be mispriced relative to the underlying security, related securities, groups of securities, Short Selling involves the sale of a security not owned by the seller; a technique used to take advantage of an anticipated price decline. To effect a short sale, the seller borrows securities from a third party in order to make delivery to the purchaser. The seller returns the borrowed securities to the lender by purchasing the securities in the open market. If the seller can buy that stock back at a lower price, a profit results. If the price rises, however, a loss results. A short seller must generally pledge other securities or cash with the lender in an amount equal to the market price of the borrowed securities. This deposit may be increased or decreased in response to changes in the market price of the borrowed securities.
HFRI FOF: Conservative exhibit one or more of the following characteristics: seeks consistent returns by primarily investing in funds that generally engage in more "conservative" strategies such as Equity Market Neutral, Fixed Income Arbitrage, and Convertible Arbitrage; exhibits a lower historical annual standard deviation than the HFRI Fund of Funds Composite Index. A fund in the HFRI FOF Conservative Index shows generally consistent performance regardless of market conditions.
HFRI FOF: Diversified exhibit one or more of the following characteristics: invests in a variety of strategies among multiple managers; historical annual return and/or a standard deviation generally similar to the HFRI Fund of Fund Composite index; demonstrates generally close performance and returns distribution correlation to the HFRI Fund of Fund Composite Index. A fund in the HFRI FOF Diversified Index tends to show minimal loss in down markets while achieving superior returns in up markets.
HFRI FOF: Market Defensive exhibit one or more of the following characteristics: invests in funds that generally engage in short-biased strategies such as short selling and managed futures; shows a negative correlation to the general market benchmarks (S&P). A fund in the FOF Market Defensive Index exhibits higher returns during down markets than during up markets.
HFRI FOF: Strategic exhibit one or more of the following characteristics: seeks superior returns by primarily investing in funds that generally engage in more opportunistic strategies such as Emerging Markets, Sector specific, and Equity Hedge; exhibits a greater dispersion of returns and higher volatility compared to the HFRI Fund of Funds Composite Index. A fund in the HFRI FOF Strategic Index tends to outperform the HFRI Fund of Fund Composite Index in up markets and underperform the index in down markets.
Our first challenge is to determine the optimal number of principal components to explain hedge fund returns. Principal component analysis heavily relies on the quality of the correlation matrix, so it is important to be able to separate 'true' correlation from noise or measurement errors. Especially for hedge fund returns, where the correlation matrix is computed on small samples the measurement risk is large and separating real information from noise becomes essential. To this end, we make use of random matrix theory and compare the properties of the correlation matrix of all the funds in our sample -the empirical correlation matrix -to the properties of a correlation matrix of an identical number of mutually uncorrelated returns series, following a method proposed by Plerou et al. (2002) . 28 Uncorrelated series were constructed by randomly drawing observations from the empirical distribution of our fund returns. If the properties of the empirical correlation matrix are consistent with those of the random matrix, then the information content of the empirical matrix is entirely driven by randomness. However, deviations of the empirical matrix from the properties of the random matrix reveal information about 'true' correlation between hedge fund returns.
We perform the analysis over two sub-periods of 5 years, 1993-1997 and 1998-2002 , for a robustness check. In the first period, the sample includes 92 funds and in the second period, 214 funds. We first examine two distributions: of the random correlations and the empirical correlations. As expected, the random correlations have a Gaussian distribution centred on zero. However, the distribution of the empirical correlations is centred on a positive value (0.16 in the first period and 0.20 in the second period). Considering the general market conditions during each period, this may indicate that correlation in hedge funds increases in more volatile periods. The left tail of the empirical correlation distribution shows good agreement with the random correlation distribution, but the observed positive correlations are less likely to be random (the 95% confidence intervals for the random cross correlations is (-.27, .27) in both sub-periods). In each period, we also find that only the four largest empirical eigenvalues significantly exceed the range of the random ones. This suggests that the 'true' correlation pattern can be captured with just the first four principal components and the variation in fund returns relating to the higher eigenvalues is simply uncorrelated noise.
After establishing the number of principal components to be used in our statistical factor model, the next target is to construct portfolios that replicate them. The principal components cannot be used directly in the factor model, as they do not represent investable portfolios -some funds will have negative loadings on the principal components. With no short sale restrictions, we require a selection criterion and an optimisation model which will produce feasible portfolios resembling the first few principal components. After investigating several alternatives, the best replicas were produced through the methodology proposed by Fung and Hsieh (1997) : to construct a portfolio to replicate one principal component we selected the funds that were highly correlated solely with that component. Then, the portfolio was optimised to have maximum correlation with the principal component it is replicating, subject to a positive weights constraint. In order to construct replica portfolios for the period Jan-90 to May-03, we split the sample in three: 1990-1993, 1994-1997 and 1998-2003. 
Dynamic Strategies and Market Timing: A Markov Switching Model
One way of testing for the presence of dynamic strategies is to estimate switching models for the relationship between the strategy returns and the relevant asset class returns. Regime switching models provide a systematic approach to modelling multiple breaks and regime shifts in the data generating process. In a regime-switching model the process is considered to be time-invariant conditional on a state variable that indicates the regime prevailing at the time. Regime shifts are considered to be stochastic, rather than deterministic events, which fits well our problem setting where we have no knowledge of the exact strategies and signals used by individual funds to switch their positions. These models allow us to infer from the pattern of returns the type of strategies followed by the funds, as well as the switching times.
In order to test the existence of switching relationships, we specify a simple Markov switching model with two states for the relationship between the returns on PC2-PC4 portfolios and the major asset classes. We estimate single factor switching models rather than multi-factor in order to avoid the assumption that the switching times are the same for strategies applied to different asset classes.
In the general form of the estimated model, the regression intercept, slope and the variance of the error term are all assumed to be state dependent. Following Hamilton (1994), if we let s t denote the latent state variable which can take one of K = 2 possible values (i.e. 1 or 2), then the regression model can be written as:
where y t is the (T x 1) vector of the statistical factor returns; z t = (1 x t ) is the (T x 2) matrix of explanatory variables, with x t denoting the fundamental factor returns, β S,t = (α S,t , β S,t ) is the vector of state dependent regression coefficients; ε S,t is the vector of state dependent disturbances, assumed normal with state dependent variance σ S,t 2 . The transition probabilities for the two states are assumed to follow a first-order Markov chain and to be constant over time. The 2x2 matrix of transition probabilities is denoted (p ij ). Now a standard maximum likelihood approach allows the estimation of two sets of coefficients for the regression and variance of the residual terms, together with a set of transition probabilities.
For each portfolio, we attempted to estimate switching models using each of the factors used in the fundamental model -however convergence was achieved for only a subset of them. For these we interpreted as evidence of dynamic strategies the presence of either (1) different signs of the slope coefficient in the two regimes, indicating a strategy that switches between long and short positions in that asset class, or (2) a significant slope coefficient in only one of the states, indicating a strategy that only trades on that asset class at certain times.
As shown by the results below we have been able to identify a number of asset classes for each of the PC2-PC4 portfolios on which switching strategies might have been in place. For example, PC4 portfolio has a positive and strong relationship with W5000 index in one regime and again, a strong but negative relationship with W5000 index returns in the second regime. Similar types of relationships have been identified also for the other two portfolios. The returns of all PC2-PC4 portfolios have regime switching relationships with the returns of GS Commodity Index and small caps SP index, and PC2 and PC4 portfolios also have switching relationships with the returns of W5000. Therefore, in the statistical factor model where the first principal component captures the common trend in fund returns just as the traditional asset classes do so in the fundamental factor model, the other three principal components are capturing factors related to dynamic hedge fund strategies.
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Markov Switching Models for PC2-PC4 Portfolios Table 9 Performance of portfolios selected using alphas from different factor models and optimised to have maximum information ratio. Equally weighted portfolio of all funds included for comparison. 
